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Abstract
Fluid flow in a dual permeable medium (DPM) is essential in solute transport in mining and aquifer studies. In this pa-
per, water flushing into a contaminated DPM containing fine-grained lenses with different geometries was investigated 
with the Lattice Boltzmann Method (LBM). The LBM model used in this study was D2Q9 with a relaxation time of 1, a 
cohesion value of 3 for a fluid density of 1 (mu.Lu-3). The saturated fluid in the DPM was a contaminant that usually stays 
in low permeable lenses and after flushing, it is leaked into the porous medium by a second fluid (water). This phenom-
enon is predominant when the displacing fluid has a lower concentration than the contaminated fluid. Diffusion and 
advection are the main mechanisms that control fluid flow in the porous medium. The results of the simulations showed: 
(1) advection controlled solute transport through the flushing phase, and back-diffusion occurred after the change in 
phase; (2) the lenses’ geometry influenced the fluid flow pattern and the remediation process. As a result, aquifer reme-
diation strategies based on the lenses’ geometry and their permeability can help us select the appropriate environmental 
protection.
Keywords:
Lattice Boltzmann Method (LBM); contamination back-diffusion; low-permeable lenses; aquifer remediation; dual permeable 
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1. Introduction
Fluid flow and its interaction with the solid surface of 
a porous material with complex structures has broad in-
dustrial applications, such as in oil and gas recovery, 
open and underground mines, and radioactive waste de-
posits (Kantzas et al., 2015; Medunić et al., 2018; Mo-
hammadi et al., 2019; Veinović et al., 2020). Contami-
nant retention in fine-grained lenses is a challenging 
problem that pollutes the aquifer for a long time, and its 
removal is essential for human life. Prediction of the 
contaminants’ dispersion in the groundwater flow sys-
tem and understanding the procedure to reduce the con-
taminants are controversial topics covered by several 
researchers (Stroo et al., 2003; National Research 
Council, 2005; Sale and Newell, 2010; Kopić et al., 
2016; Barešić et al., 2020; Geng et al., 2021).
Aquifer restoration time in a real site is strongly de-
pendent on contaminant type, fluid properties, and many 
other parameters, such as mineralogy and geometry of 
grains, pore size distribution, open and closed fracture, 
and so forth. Diffusion, one of the main processes caus-
ing contaminant movement, depends on the concentra-
tion gradient and surface area of the contamination (Pin-
der and Celia, 2006). The back-diffusion phenomenon 
was studied numerically and physically in some specific 
situations by many researchers (Dentz and Berkowitz, 
2003; Chapman and Parker, 2005; Parker et al., 
2008; Herrera et al., 2010). In the transport of contam-
inants, back-diffusion is a phenomenon that preserves 
contamination in the porous medium for a long time. 
This phenomenon occurs where low permeable lenses 
are placed between sandy aquifers. This issue was ad-
dressed in some studies (Wilson, 1997; Liu and Ball, 
2002; Parker et al., 2004; Chapman and Parker, 
2005; Safari et al., 2020). Fluid flow in the DPM is 
preferential in both low and high permeable domains. 
Other factors that influence the flux of displacing fluid 
within the low-permeable lenses are geometry and sur-
face area between the low and high permeable zones 
(Dimmen et al., 2020).
Studying fluid flow through a porous medium by ex-
perimental setup is a costly and time-consuming proce-
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dure. Computational fluid dynamics (CFD) are used as a 
valuable tool to understand the physics of fluids and 
their interaction with other fluids and solid matrices 
(Homayoon et al., 2011; Safari et al., 2017, 2020; Mo-
hamad, 2019). CFD is categorized into two classes. The 
first class is the simulation by considering macro varia-
bles and solving continuity equation by finite difference, 
finite element, and finite volume methods. These meth-
ods are based on the discretization of Navier-Stokes 
equations assuming a continuous flow medium (Mo-
hamad, 2019). The second class is the simulation in 
mesoscale and microscale. The LBM is one of these 
techniques for simulation of fluid flow in mesoscale 
(McNamara and Zanetti, 1988). The LBM is an effec-
tive numerical method to observe the diffusion process 
over a period of time in a mesoscale or centimetre scale. 
The main advantages of using the LBM are: (1) high 
speed performance; (2) parallel computation; (3) simple 
implementation without solving differential equations; 
(4) pore-scale flow behaviour in complex structures and 
boundary conditions; and (5) multi-phase and incom-
pressible fluid flow simulation. On the other hand, LBM 
has some disadvantages, such as: (1) not straightforward 
to couple the LBM with other mechanical transfer sys-
tems; and (2) numerical stability is not guaranteed, espe-
cially for fluids with high density and high viscosity 
(Zhang, 2011; Mohamad, 2019). Some relevant re-
search for the current study regarding the LBM showed 
its capability to determine permeability in a rough frac-
ture (Eker and Akin, 2006), to study the groundwater 
flow and solute transport in a karstic porous medium 
(Sukop et al., 2008), to evaluate the permeability and 
non-Darcy flow in South Florida limestone (Sukop et 
al., 2013), to predict the permeability of real and syn-
thetic porous media (Boek and Venturoli, 2010), to 
study the effects of stress on relative permeability 
(Huang et al., 2021), and to analyse the effect of hetero-
geneous complex porous media on fluid flow pattern 
(Shiri et al., 2018; Shiri and Hassani, 2021; Shiri and 
Shiri, 2021).
The present study was aimed at investigating water 
flushing in contaminated fine-grained lenses with differ-
ent geometries and low permeability by the LBM. More-
over, the contribution of advection and back-diffusion 
process was investigated in a time period, in which four 
thin permeable fine-grained lenses pollute an aquifer and 
change the water quality.
2. Material and Methods
2.1. Numerical method
For the first time, the LBM was derived from the lat-
tice-gas automata (LGA) as a mesoscale method (Pul-
virenti and Tirozzi, 1973). Both the LGA and the LBM 
are between two macro-scale Navier-stocks models and 
microscopic dynamic models. Instead of solving the Na-
Figure 1: Lattice arrangements for 2D LBM model  
with nine velocity vectors, modified from Mohamad (2019)
Figure 2: Time marching procedure of pseudo-potential 
LBM algorithm and relevant equations, adapted from 
Mohamad (2019)
vier–Stokes equations, the LBM solves the Boltzmann 
equation (Navier-stocks equation can be derived from 
the Boltzmann equation). Collision and streaming are 
two fundamental procedures of the LBM.
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In this study, the D2Q9 LBM model (see Figure 1) 
with the Bhatnagar-Gross-Krook-Welander (BGKW) 
approximation for the collision process was used (see 
Figure 2). The Lattice Boltzmann algorithm was intro-
duced by Shan and Chen (Shan and Chen, 1993) and a 







   (5)
  (6)
Where:
i  – index of velocity components,
t  – time (ts),
x  – node position,
fi(x,t)  – distribution function of fluid,
ρk  – density of each phase (gr/lu3),
ei  –  identity vector that indicates the velocity 
direction of different components in a lat-
tice node,
u  – overall velocity (lu/ts),
wi  – weight of any velocity component,
f (eq)i(x,t) –  the equilibrium state of each fluid distribu-
tion,
τ  –  the relation time for each component to 
achieve an equilibrium state,
Δx  – length of lattices (lu),
Δt  – time step (ts).
Fluid properties in the LBM models are introduced by 
their velocity distribution in the lattice network (Sukop 
and Thorne, 2006). The method can be briefly described 
as follows: first, variables are defined and the porous me-
dium is inserted by assuming a value of 1 for solid nodes 
and a value of 0 for fluid nodes and then, density distribu-
tions are initialized. Second, the fluid equilibrium velocity 
distribution is defined. In each node, there are nine veloc-
ity components in the D2Q9 Model that are updated in the 
time marching process based on the interaction between 
neighbourhood nodes. The direction of any velocity com-
ponent in a lattice node and their weights can be assigned 
with Equation (5) and Equation (6), respectively (Guo 
et al., 2000). Third, the collision process is done by con-
sidering the previous density and velocity distributions of 
the fluid components of all nodes. Fourth, the energy of 
the fluids in any lattice node is transferred by streaming 
operation. Fifth, boundary conditions are applied. Finally, 
macroscopic variables like density and velocity are calcu-
lated in each node.
2.2. Porous media
Fine-grained lenses with different geometries in a 
sandy aquifer are shown in Figure 3. This model was 
investigated by several researchers. Firstly, a sand pack 
(1.07×0.03×0.84 cm) laboratory experiment with four 
fine-grained lenses was examined. The model was satu-
rated with a tracer monitoring flushing of the model by 
clean water (Doner, 2008). Then, this model was simu-
lated to validate the results by high-resolution numerical 
models by Hydro Geosphere, FEFLOW, MODFLOW/
MT3DMS (Chapman et al., 2012). Also, a semi-analyt-
ical method was used to investigate similar behaviour in 
a 2D model with a fine-grained lens in a high permeable 
zone (Muskus and Falta, 2018). In the current study, 
parameters were adjusted with the experimental and nu-
merical investigation (Doner, 2008; Chapman et al., 
Figure 3: Fine-grained lenses with different geometries in a 
sandy aquifer, fluids flow from the left boundary towards the 
right boundary and the top and bottom boundaries are 
sealed. The host sand porous medium has an average grain 
size of 1000 µm and the fine-grained lenses have average 
grain sizes of 300 µm.
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Table 1. LBM parameters used in all simulations









D2Q9 1580×1240 1 0 3 1
Figure 4: Back-diffusion process in a dual permeable medium in the form of fine-grained lenses within the host sand 
medium with a lower pressure gradient, a) saturation at time steps of 20’000, b) saturation at time steps of 400’000,  
c) saturation at time steps of 2’660’000, d) saturation at time steps of 3’840’000, e) saturation at time steps of 6’820’000,  
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Figure 5: Back-diffusion process in a dual permeable medium in the form of fine-grained lenses within the host medium 
(sand) with a higher pressure gradient, a) saturation at time steps of 20’000, b) saturation at time steps of 200’000,  
c) saturation at time steps of 1’060’000, d) saturation at time steps of 1’540’000, e) saturation at time steps of 2’060’000,  
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Figure 6: Effect of the geometry of impermeable lenses on the fluid flow streamlines in a porous medium containing 
impermeable lenses, a) saturation at time steps of 760’000, b) saturation at time steps of 3’420’000, c) saturation at time steps 
of 4’340’000, d) saturation at time steps of 4’560’000
a) b)
c) d)
2012). The model has vertical and horizontal dimen-
sions of 4.2 and 5.35 cm, respectively. The average grain 
size of sand was 1000 µm, and it was 300 µm for fine-
grained lenses. The distributions of grains in the porous 
medium were random, and the porosity was 0.45. Be-
sides, for a better understanding of the effects of the ge-
ometries of the lenses on fluid flow streamlines, a single 
porous medium with lenses without porosity and perme-
ability was examined.
2.3. Initial values and boundary conditions
Proper assigning boundary conditions (BCs) is essen-
tial in the LBM. There are various types of BCs, including 
non-slip BC, periodic BC, velocity BC, pressure BC, and 
open BC. In this study, halfway non-slip BC was specified 
on solid surfaces. As a result, when fluid particles collide 
with the solid node the fluid velocity components are re-
versed (Sukop and Thorne, 2006). Constant pressure 
BCs presented by Huang for a two-component flow prob-
lem (Huang, 2016) was used for the left inlet and the right 
outlet in all simulations. The LBM parameters used in the 
current simulations are given in Table 1.
3. Results and Discussion
The back-diffusion process in DPM (see Figure 3) 
with two different hydrostatic pressures are shown in 
Figure 4 and Figure 5. DPM contains four fine-grained 
lenses within the host sand porous medium. In all simu-
lations, firstly assumed that the porous medium was 
fully saturated with the contaminated fluid (the yellow 
colour in Figure 4, Figure 5, and Figure 6). For a better 
understanding of the heterogeneity effects on the advec-
tion and diffusion transport mechanisms, two models 
including a dual permeable medium (DPM) (see Figure 
4, Figure 5) and a porous medium containing imperme-
able lenses (PMIL) (see Figure 6) were investigated. 
The effect of flow rate on the DPM model was investi-
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gated by changing the pressure gradient (see Figure 4, 
Figure 5). PMIL simulation (see Figure 6) was run in 
the same pressure gradient as in Figure 4.
As shown in Figure 4(a, b, c) and Figure 5(a, b, c), 
before the breakthrough, an increase in the pressure gra-
dient improved contaminant removal from the fine-
grained lenses. Among different lenses, rectangular lens-
es have more capacity for solute (contaminant) reten-
tion. After the breakthrough, solute retention of the 
lower pressure gradient model (see Figure 4(d, e, f)) 
was greater than the higher pressure gradient model (see 
Figure 5(d, e, f)). Besides the pressure gradient, shape 
(geometry) and volume of fine-grained lenses were im-
portant and affected the contaminant preservation. A 
comparison between the DPM (see Figure 4(a, b, c)) 
and the PMIL (see Figure 6(a, b)) under the same pres-
sure gradient showed that the permeability heterogeneity 
affected the fluid front. The fluid front in the PMIL was 
more stable with a smaller fingering pattern than the 
DPM. Hence, the contaminant in PMIL left the entire 
porous medium better than the DPM model.
After the breakthrough (see Figure 4(d, e, f) and Fig-
ure 6(c, d)), the results showing bubble trapping phe-
nomenon was more prevalent in the PMIL than in the 
DPM. Also, fine-grained lenses act as contaminant stor-
age systems that polluted the downstream for a long 
time.
The effects of the pressure gradient and permeability 
heterogeneity on the concentration breakthrough curve 
(BTC) of the DPM and the PMIL are shown in Figure 7. 
In BTC, the horizontal axis is time (time step, ts), and 
the vertical axis is the relative concentration of contami-
nant leaving the porous medium (dimensionless unit). 
The blue curve with circle points represents the DPM 
with a low-pressure gradient, and the red curve with 
square points denotes the DPM with a high-pressure gra-
dient. The black curve with star points belongs to the 
PMIL with a low-pressure gradient.
As can be seen in Figure 7, by decreasing the pres-
sure gradient, the contaminant formed a long tail and left 
the porous medium smoothly (blue circle in comparison 
to the red square). The formation of a long tail of plume 
and back-diffusion process was validated by numerical, 
experimental, and analytical results of previous studies 
(Parker et al., 2008; Chapman et al., 2012; Muskus 
and Falta, 2018). After removal of the source of con-
tamination, the contamination was supported by the tail-
ing effects. So, the first stage of the curve indicated the 
flushing zone, and the second stage was about the back-
diffusion phase, in which the effluent from fine-grained 
lenses diffused to the high permeable region and pollut-
ed downstream water. The deflection points in the BTC 
(see Figure 7) was used for detecting the phase chang-
ing from the flushing phase to the back-diffusion phase. 
This point occurred for a high-pressure gradient when 
only 30 percent of the pollutant was removed from the 
porous medium. However, it occurred in the 85 percent 
pollutant removal for the low-pressure gradient. For the 
PMIL, there was no back-diffusion and only the flushing 
phase was observed. As a conclusion, the LBM simula-
tion results were comparable, and it was a good tool for 
studying effluent tracking in a heterogeneous porous 
medium. The limitations of the current study were the 
two dimensional LBM, and also the numerical instabili-
ty due to high velocity, high density, and high viscosity 
contrast.
4. Conclusions
In this study, four fine-grained contaminated lenses 
were flushed with clean water. Contaminant removal 
from these lenses were investigated numerically by the 
D2Q9 model of the LBM with a relaxation time of 1, a 
cohesion value of 3, and a fluid density of 1 (mu.Lu-3). 
The long-tail plume formation and the back-diffusion 
process in these lenses were verified by numerical, ex-
perimental, and analytical results of previous studies. 
The results showed: (1) a high-pressure gradient leads to 
strong advection force and causes partial contaminant 
removal; (2) fine-grained lenses act as contaminant stor-
age systems that gradually polluted the downstream by 
the back-diffusion process; (3) investigation of the ad-
vection and back-diffusion processes showed that the 
advection controlled the solute transport through the 
flushing phase, and back-diffusion was dominant after 
the phase was changed; (4) the flow pathway through 
four lenses with different geometries showed the struc-
ture of lenses influenced the fluid flow pattern and the 
remediation process. As a practical implication, using 
conceptual and numerical models to examine a real site 
Figure 7: Breakthrough curve: a dual permeable medium 
with a low-pressure gradient (blue circle), a dual permeable 
medium with a high-pressure gradient (red square), a porous 
medium containing impermeable lenses with a low-pressure 
gradient (black star)
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aquifer remediation can help us to find the best strategies 
for environmental protection.
5. Nomenclature
i index of velocity components
t time (ts)
x node position
fi(x,t) distribution function of fluid
ρk density of each phase (gr/lu3)
ei  identity vector that indicates the velocity direc-
tion of different components in a lattice node
u overall velocity (lu/ts)
wi weight of any velocity component
D2Q9 two dimensions nine components LBM
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SAžETAk
Simulacija sanacije vodonosnika slabopropusnih leća fenomenom povratne difuzije
Protjecanje fluida kroz medije s dvostrukom propusnošću bitno je kod proučavanja transporta otopljene tvari u rudar-
stvu ili kroz vodonosnik. U ovome radu, s pomoću metode Boltzmannove rešetke, istraženo je ispiranje vodom medija 
dvostruke propusnosti koji sadržava sitnozrnate leće različite geometrije. Metoda Boltzmannove rešetke u ovome istra-
živanju uključivala je korištenje modela D2Q9 s vremenom otpuštanja 1 te vrijednošću kohezije 3 za fluid gustoće 1 (mu.
Lu-3). Medij dvostruke propusnosti zasićen je fluidom koji je ujedno predstavljao i zagađivač koji se obično zadržavao u 
slabopropusnim lećama iz kojih se širio nakon ispiranja poroznoga medija sekundarnim fluidom (vodom). Ova je pojava 
prevladavajuća u slučaju kada istiskujući fluid ima manju koncentraciju od kontaminiranoga fluida, a difuzija i advekci-
ja dva su osnovna mehanizma koja kontroliraju tok fluida kroz šupljikavu sredinu. Rezultati simulacije pokazuju da: (1) 
advekcija kontrolira transport otopljene tvari tijekom faze ispiranja, dok se povratna difuzija odvija nakon promjene u 
fazi; (2) geometrija leća utječe na oblik toka i proces sanacije. Rezultat je strategija sanacije vodonosnika bazirana na 
geometriji i propusnosti leća koja može pomoći u zaštiti okoliša.
Ključne riječi:
metoda Boltzmannove rešetke, povratna difuzija zagađenja, slabopropusne leće, sanacija vodonosnika, medij s dvostru-
kom propusnošću
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